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ON THE CHAOTICITY AND SPECTRAL STRUCTURE
OF ROLEWICZ-TYPE UNBOUNDED OPERATORS
MARAT V. MARKIN
Abstract. We prove the chaoticity and describe the spectral structure of
Rolewicz-type weighted backward shift unbounded linear operators in the se-
quence spaces lp (1 ≤ p <∞) and c0.
An old thing becomes new if you
detach it from what usually
surrounds it.
Robert Bresson
1. Introduction
We consider the weighted backward shift unbounded linear operators:
D(A) ∋ x := (xk)k∈N 7→ Ax := (w
kxk+1)k∈N,
where w ∈ F (F := R or F := C) such that |w| > 1 is arbitrary, with the maximal
domain
D(A) :=
{
(xk)k∈N ∈ X
∣∣ (wkxk+1)k∈N ∈ X}
in the (real or complex) space X := lp (1 ≤ p < ∞) or X := c0, which natu-
rally emerge from the classical Rolewicz weighted backward shift bounded linear
operators
X ∋ x := (xk)k∈N 7→ Ax := w(xk+1)k∈N,
with w ∈ F such that |w| > 1 [15] (see also [10]).
We show that each operator A of this form is chaotic and, provided the underlying
space is complex, its spectrum σ(A) = C, every λ ∈ C being an eigenvalue for A
with an associated one-dimensional eigenspace.
2. Preliminaries
The notions of hypercyclicity and chaoticity, traditionally considered and well stud-
ied for continuous linear operators on Fre´chet spaces, in particular for bounded
linear operators on Banach spaces, and shown to be purely infinite-dimensional
phenomena (see, e.g., [10, 11, 15]), in [1, 2] are extended to unbounded linear ope-
rators in Banach spaces, where also found are sufficient conditions for unbounded
2010 Mathematics Subject Classification. Primary 47A16; Secondary 47B40, 47B15.
Key words and phrases. Hypercyclic operator, chaotic operator, scalar type spectral operator,
normal operator.
1
2 MARAT V. MARKIN
hypercyclicity and certain examples of hypercyclic and chaotic unbounded linear
differential operators. The chaoticity of general unbounded weighted backward
shifts in the Bargmann space, which is a complex infinite-dimensional separable
Hilbert space of entire functions, is characterized in [8], where in particular, it is
shown that the spectrum of such operators is the whole complex plane C, with
every λ ∈ C being an eigenvalue. In [12], (bounded or unbounded) scalar type
spectral operators in a complex Banach, in particular normal ones in a complex
Hilbert space, (see, e.g., [3–7, 14]) are proven to be non-hypercyclic.
Definition 2.1 (Hypercyclicity and Chaoticity [1, 2]). Let
A : X ⊇ D(A)→ X
be a (bounded or unbounded) linear operator in a (real or complex) Banach space
(X, ‖ · ‖). A nonzero vector
(2.1) x ∈ C∞(A) :=
∞⋂
n=0
D(An)
(A0 := I, I is the identity operator on X) is called hypercyclic if its orbit under A
orb(x,A) := {Anx}n∈Z+
(Z+ := {0, 1, 2, . . .} is the set of nonnegative integers) is dense in X .
Linear operators possessing hypercyclic vectors are said to be hypercyclic.
If there exist an N ∈ N (N := {1, 2, . . .} is the set of natural numbers) and a vector
x ∈ C∞(A) with ANx = x, such a vector is called a periodic point for the operator
A.
Hypercyclic linear operators with a dense set of periodic points are said to be
chaotic.
Remarks 2.1.
• In the definition of hypercyclicity, the underlying space is necessarily sepa-
rable.
• If x ∈ C∞(A) is a hypercyclic vector for a linear operator A in a Banach
space (X, ‖ · ‖), then all vectors forming its orbit orb(x,A) := {Anx}n∈Z+
are linearly independent and hypercyclic for A (see, e.g., [10]).
• The set HC(A) of all hypercyclic vectors of a linear operator A, containing
the dense orbit of its arbitrary hypercyclic vector, is dense in (X, ‖ ·‖). The
more so, dense in (X, ‖ · ‖) is the subspace C∞(A) ⊃ HC(A).
In [15], S. Rolewicz provides the first example of a hypercyclic bounded linear
operator on a Banach space (see also [10, 11]), which on the (real or complex)
sequence space lp (1 ≤ p < ∞) or c0 (of vanishing sequences), the latter equipped
with the supremum norm
c0 ∋ x := (xk)k∈N 7→ ‖x‖∞ := sup
k∈N
|xk|,
is the following weighted backward shift:
A(xk)k∈N := w(xk+1)k∈N,
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where w ∈ F (F := R or F := C) such that |w| > 1 is arbitrary. Rolewicz’s operators
also happen to be chaotic [9] (see also [10]).
3. Chaoticity and spectral structure
of Rolewicz-type unbounded operators
Here, we are to consider a natural unbounded extension of the classical Rolewicz
weighted backward shift operators.
Theorem 3.1. In the (real or complex) sequence space X := lp (1 ≤ p < ∞) or
X := c0, the weighted backward shift
D(A) ∋ x := (xk)k∈N 7→ Ax := (w
kxk+1)k∈N,
where w ∈ R or w ∈ C such that |w| > 1 is arbitrary, with the domain
D(A) :=
{
(xk)k∈N ∈ X
∣∣ (wkxk+1)k∈N ∈ X}
is a chaotic unbounded linear operator.
Provided the underlying space X is complex, its spectrum σ(A) = C, every λ ∈ C
being an eigenvalue for A with an associated one-dimensional eigenspace.
Proof. We let F := R or F := C and use ‖ · ‖ to designate norm on X .
For each n ∈ N, the linear operator
An(xk)k∈N = (w
(k+n−1)+(k+n−2)+···+kxk+n)k∈N, (xk)k∈N ∈ D(A
n),
is densely defined, the maximal domain
D(An) :=
{
(xk)k∈N ∈ X
∣∣∣ (w(k+n−1)+(k+n−2)+···+kxk+n)k∈N ∈ X}
containing the dense in (X, ‖ · ‖) subspace c00 of eventually zero sequences, and, as
is easily seen, is unbounded and closed.
Hence, the subspace
C∞(A) :=
∞⋂
n=0
D(An) ⊃ c00
of all possible initial values for the orbits under A is dense in (X, ‖ · ‖).
Observe that
(3.2) D(An+1) ⊆ D(An), n ∈ N.
For the bounded right inverse of A:
B(xk)k∈N := (0, w
−1x1, w
−2x2, . . . ), (xk)k∈N ∈ X,
for any n ∈ N, on X , we have:
(3.3) Bn(xk)k∈N = (0, . . . , 0︸ ︷︷ ︸
n terms
, w−[n+(n−1)+···+1]x1, w
−[(n+1)+n+···+2]x2, . . . ).
The subspace c00 contains a countable dense in (X, ‖ · ‖) subset
(3.4) Y :=
{
y(m) :=
(
y
(m)
k
)
k∈N
}
m∈N
4 MARAT V. MARKIN
of all nonzero eventually zero sequences with rational (or complex rational) terms.
For each m ∈ N, let
(3.5) km := max
{
k ∈ N
∣∣∣ y(m)k 6= 0} .
Setting n1 := 1, we can inductively build an increasing sequence (nm)m∈N of natural
numbers such that, for all j,m ∈ N with m > j,
nm − nj ≥ max(m, kj) and
|w|nm+(nm−1)+···+1 ≥ |w|nm+(nm−1)+···+(nm−nj+1)+m
∥∥∥y(m)∥∥∥ .(3.6)
Let us show that the vector
(3.7) x :=
∞∑
m=1
Bnmy(m)
is hypercyclic for A, the above series converging in (X, ‖ · ‖) since, for any m =
2, 3, . . . , in view of (3.3) and (3.6) with j = 1,∥∥∥Bnmy(m)∥∥∥ ≤ |w|−[nm+(nm−1)+···+1] ∥∥∥y(m)∥∥∥ ≤ |w|−nm−m ≤ |w|−m.
Further, for each k ∈ N,
∞∑
m=1
AnkBnmy(m) =
k−1∑
m=1
Ank−nmy(m) + y(k) +
∞∑
m=k+1
Bnm−nky(m)
for m = 1, . . . , k − 1, by (3.6), nk − nm ≥ km, by (3.5), A
nk−nmy(m) = 0;
= y(k) +
∞∑
m=k+1
Bnm−nky(m).
Since, for all k,m ∈ N with m > k, in view of (3.6) with j = k,
(3.8)
∥∥∥Bnm−nky(m)∥∥∥ ≤ |w|−[(nm−nk)+(nm−nk−1)+···+1] ∥∥∥y(m)∥∥∥ ≤ |w|−m.
This implies that, for any k ∈ N, the series
∞∑
m=1
AnkBnmy(m)
converges in (X, ‖ · ‖), and hence, by the closedness of Ank and in view of inclusion
(3.2),
x ∈
∞⋂
k=1
D(Ank ) = C∞(A)
and
∀ k ∈ N : Ankx = y(k) +
∞∑
m=k+1
Bnm−nky(m).
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Furthermore, since, by (3.8), for each k ∈ N,∥∥∥y(k) −Ankx∥∥∥ ≤ ∞∑
m=k+1
∥∥∥Bnm−nky(m)∥∥∥ ≤ ∞∑
m=k+1
|w|−m =
|w|−(k+1)
1− |w|−1
→ 0, k →∞,
which, in view of the denseness of Y in (X, ‖ · ‖), shows that the orbit orb(x,A)
of x under A is dense in (X, ‖ · ‖) as well. This implies that the operator A is
hypercyclic.
Now, let us show that the operator A is chaotic. Indeed, for any N ∈ N, let
x1, . . . , xN ∈ F be arbitrary, then
x := (x1, . . . , xN , w
−(N+···+1)x1, . . . , w
−(2N−1+···+N)xN ,
w−(2N+···+N+1)x1, . . . , w
−(3N−1+···+2N)xN , . . . ) ∈ D(A
N )
(3.9)
and
ANx = x.
For any
y := (y1, . . . , yn, 0, . . . ) ∈ Y
with some n ∈ N and arbitrary N ≥ n, consider the periodic point defined by (3.9)
with
xk :=
{
yk, k = 1, . . . , n,
0, k = n+ 1, . . . , N.
Then, for x ∈ C∞(A) defined by (3.9),
‖y − x‖ ≤
∞∑
k=1
|w|−kN‖y‖ = ‖y‖
|w|−N
1− |w|−N
→ 0, N →∞.
Whence, in view of the denseness of Y in (X, ‖ · ‖), we infer that the set of periodic
points of A is dense in (X, ‖ · ‖) as well, i.e., the operator A is chaotic.
It remains to prove that, if the space X complex, the spectrum σ(A) of A is the
whole complex plane C, with every λ ∈ C being an eigenvalue for A with associated
one-dimensional eigenspace. Indeed, let λ ∈ C be arbitrary. Then for an x :=
(xk)k∈N ∈ X \ {0}, the equation
(3.10) Ax = λx
is equivalent to
(wkxk+1)k∈N = λ(xk)k∈N,
i.e.,
wkxk+1 = λxk, k ∈ N
Whence, we recursively infer that
xk =
λk−1
w1+2+···+k−1
x1 =
λk−1
w
k(k−1)
2
x1 =
(
λ
w
k
2
)k−1
x1, k ∈ N,
where for λ = 0, 00 := 1.
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Considering that |w| > 1, for all sufficiently large k ∈ N, we have:
∣∣∣∣ λ
w
k
2
∣∣∣∣k−1 =
(
|λ|
|w|
k
2
)k−1
≤
(
1
2
)k−1
,
which implies that
(yk)k∈N :=
((
λ
w
k
2
)k−1)
k∈N
∈ X.
Further, since
wkyk+1 = w
k λ
k
w1+2+···+k
=
λk
w1+2+···+k−1
=
λk
w
k(k−1)
2
x1 =
(
λ
w
k−1
2
)k
, k ∈ N,
we similarly conclude that
(wkyk+1)k∈N ∈ X,
and hence,
(yk)k∈N ∈ D(A) \ {0}.
Thus, we have shown that, for an arbitrary λ ∈ C, all solutions of equation 3.10
are the sequences of the form
x1
((
λ
w
k
2
)k−1)
k∈N
∈ D(A),
where x1 ∈ C is arbitrary. They form the one-dimensional subspace of X spanned
by the sequence
((
λ
w
k
2
)k−1)
k∈N
∈ D(A) \ {0}, which completes the proof. 
Remark 3.1. Considering that, in the (real or complex) separable Banach space
X := Lp(0,∞) (1 ≤ p < ∞) or X := C0[0,∞) (of continuous on [0,∞) and
vanishing at infinity functions), the latter equipped with the maximum norm
C0[0,∞) ∋ x 7→ ‖x‖∞ := max
t≥0
|x(t)|,
there similarly exist countable dense subsets of eventually zero elements (see, e.g.,
[5]), the proof of the prior theorem can be modified for the weighted backward shift
[Ax](t) := wtx(t+ a), t ≥ 0,
where w ∈ F (F := R or F := C) such that |w| > 1 is arbitrary, with the maximal
domain
D(A) := {x(·) ∈ X |w·x(·+ a) ∈ X} .
In the case of Lp(0,∞) (1 ≤ p <∞), the notations x(·) and w
·x(·+ a) are used to
designate both the equivalence classes of functions and their corresponding repre-
sentatives.
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